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ABSTRACT
Using two-dimensional simulations, we compute the torque and rate of work (power) on a low-mass
gravitational body, with softening length Rsoft, embedded in a gaseous disk when its orbit is eccentric
and retrograde with respect to the disk. We explore orbital eccentricities e between 0 and 0.6. We
find that the power has its maximum at e ' 0.25(h/0.05)2/3, where h is the aspect ratio of the disk.
We show that the power and the torque converge to the values predicted in the local (non-resonant)
approximation of the dynamical friction (DF) when Rsoft tends to zero. For retrograde inspirals with
mass ratios . 5× 10−4 embedded in disks with h ≥ 0.025, our simulations suggest that (i) the rate of
inspiral barely depends on the orbital eccentricity and (ii) the local approximation provides the value
of this inspiral rate within a factor of 1.5. The implications of the results for the orbital evolution of
extreme mass-ratio inspirals are discussed.
Subject headings: accretion, accretion disks – binaries: general – black hole physics – hydrodynamics
– galaxies: active
1. INTRODUCTION
At the center of galaxies, stars can draine into the
central supermassive black hole (SMBH) due to two-
body diffusion, resonant relaxation and dynamical fric-
tion (DF) with the surrounding material (mainly dark
matter and gas) (e.g. Hopman & Alexander 2006). Com-
pact objects (COs), such as stellar remnants and stellar
mass black holes (stellar BHs) can inspiral into a SMBH
and emit gravitational waves, which could be detected
by the Laser Interferometer Space Antenna (LISA) (e.g.,
Finn & Thorne 2000; Amaro-Seoane et al. 2017).
In the presence of accretion disks as those in active
galactic nuclei (AGN), stars and COs can experience
gravitational torques that can accelerate the radial mi-
gration towards the center (e.g., Armitage & Natarajan
2002; Kocsis et al. 2011). COs may belong to the nu-
clear cluster (McKernan et al. 2011) or may have formed
inside the AGN star-forming disk (e.g., Levin 2007).
Nuclear cluster COs may have prograde as well as ret-
rograde orbits with respect to the AGN accretion disk.
COs born in the star-forming disk are expected to move
on prograde orbits. Still, gravitational scattering be-
tween them or with other objects (including a SMBH bi-
nary companion) may excite large orbital eccentricities
(e.g., Papaloizou & Terquem 2001; Breslau & Pfalzner
2019). In principle, it is plausible that some of the esti-
mated 103 BHs of mass (7 − 10)M that resides within
0.1 pc of the central BH may be scattered to retrograde
eccentric orbits and can even counter-rotate with respect
to the accretion disk.
Disk COs may counter-rotate with respect to the AGN
accretion disk if the AGN disk is rejuvenated with cap-
tured gas clouds having uncorrelated angular momentum
(Imanishi et al. 2018; Impellizzeri et al. 2019), as occurs
at galactic scales in some galaxies (e.g., Garc´ıa-Burillo et
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al. 2003; Corsini 2014; Martinsson et al. 2018).
COs and intermediate mass BHs can also rotate with
high inclinations, if they are brought to the galactic
center anchored in an inclined stellar cluster (Portegies
Zwart et al. 2003, 2006; Kim & Morris 2003; Gurkan &
Rasio 2005; Antonini et al. 2012; Antonini 2014; Arca-
Sedda & Gualandris 2018). After the stellar cluster is
destroyed by tidal forces, all the COs and intermediate
mass BHs residing in the stellar cluster will be spread
out in inclined orbits.
The evolution of the semi-major axis a, the eccentric-
ity e and the inclination i of a perturber due to the tidal
interaction with the disk has been studied intensively
in the context of protoplanetary disks (e.g., Artymow-
icz 1993; Papaloizou & Larwood 2000; Goldreich & Sari
2003; Tanaka & Ward 2004; Cresswell et al. 2007; Marzari
& Nelson 2009; Bitsch & Kley 2010, 2011; Bitsch et al.
2013). For e or i larger than the aspect ratio of the disk
h ≡ H/R (where H is the scaleheight of the disk at ra-
dius R), the perturber moves supersonically with respect
to the gas. For that reason, a DF approach has been in-
voked to describe the interaction between the disk and
a body in inclined or eccentric orbits (e.g., Papaloizou
2002; Muto et al. 2011; Rein 2012; Amaro-Seoane et al.
2016). In Sa´nchez-Salcedo (2019), we find that a sim-
ple model based on DF describes the orbital evolution of
bodies in coplanar (i = 0) eccentric orbits (h < e . 0.6),
provided that the ratio between the mass of the per-
turber and the mass of the central object (denoted by
q) is sufficiently small. For typical protoplanetary disks,
this occurs for planets with q . 10−4.
For highly-inclined circular orbits, Rein (2012) consid-
ers the aerodynamical and gravitational drag forces on
a planet when it crosses the protoplanetary disk. For
orbits with i = 45◦, 90◦ and 155◦, he finds good agree-
ment between the gravitational drag force measured in
numerical simulations and the force predicted using a
formula based on DF arguments. Xiang-Gruess & Pa-
paloizou (2013) carry out a set of numerical simulations
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of the orbital evolution of a gravitational perturber in
a circular orbit, for the full range of inclinations. They
argue that the qualitative behaviour of the results can
be interpreted using simple formula based on DF.
The limiting case i = 180◦ (retrograde orbit) and e = 0
(circular orbit), was studied in Ivanov et al. (2015) and
Sa´nchez-Salcedo et al. (2018). In this case, the perturber
moves supersonically (Mach numbers of ' 40− 100). As
a result, the perturber catches its own wake repeatedly
and, in fact, the pull imparted by the wake ahead of the
perturber cannot be ignored unless the mass ratio q is
small enough (Sa´nchez-Salcedo et al. 2018).
In the general case (arbitrary values of i and e, but
larger than h), one expects that if q is small enough,
most of the contribution to the drag force arises from
the portion of the wake just at the rear of the body and,
therefore, the DF approximation should be valid to quan-
tify the components of the drag force and thereby the
evolution of a, e and i.
In order to complete our picture on the applicability
and limitations of an approach based on DF, which is im-
pulsive and non-resonant, we use numerical simulations
to evaluate the components of the drag force when the
orbit is retrograde (i = 180◦) and eccentric. Interest-
ingly, for certain disk parameters typical for AGN disks,
the DF formula predicts that the eccentricity may grow.
This stands in sharp contrast to the rapid eccentricity
damping seen in the prograde case. We wish to quantify
to what extend the predictions based on DF considera-
tions are reliable.
The structure of the paper is as follows. In Section 2,
we describe our system and provide the basic equations.
In Section 3, we present the DF framework in its local ap-
proximation (hereafter LA) and make some predictions.
A comparison between predictions and the results of hy-
drodynamical simulations are given in Section 4. The
implications for the evolution of COs embedded in AGN
disks are discussed in Section 5. Finally, we summarize
our conclusions in Section 6.
2. DESCRIPTION OF THE MODEL: BASIC EQUATIONS
Our system consists of an accretion disk around a cen-
tral SMBH with mass M• ' 105 − 107 M, plus a CO
(e.g., a stellar BH), the perturber, with mass Mp ' 1−10
M. Therefore, the mass ratio q−5 ≡ q/10−5 is between
0.01 to 10. These systems are referred to as extreme
mass ratio inspirals (EMRIs). The mass of the disk is
assumed to be much smaller than M•. The orbital plane
of the CO is taken coplanar with the disk. The orbit can
be prograde or retrograde.
The CO will exchange energy and angular momentum
with the disk through the tidal interaction. As a con-
sequence, the semimajor axis a and the eccentricity e of
the CO will change with time. Let P denote the power,
i.e. the energy change of the CO per unit of time, and T
the torque imparted on the CO. The evolution equations
for a and e are given by
da
dt
=
2P
aω2Mp
, (1)
and
de
dt
=
η2B
ea2ω2Mp
, (2)
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Fig. 1.— Local Mach numberM versus true anomaly f along the
Keplerian orbit described by a body in the midplane of a locally
isothermal disk with aspect ratio h = 0.05, for prograde (lower
curves) and retrograde motion (upper curves).
where η ≡ √1− e2, ω = √GM•/a3 and B ≡ P −ωη−1T
(e.g., Murray & Dermott 1999). The bar over a vari-
able denotes orbit-averaged values. In these equations,
we have applied the sign convention that the torque is
positive (negative) when the CO gains (loses) angular
momentum.
The migration timescale ta, in units of the orbital pe-
riod torb ≡ 2pi/ω, is
ta
torb
≡ 1
torb
∣∣∣∣aa˙
∣∣∣∣ = a2ω3Mp4pi|P | . (3)
The orbital eccentricity changes on the timescale
te
torb
≡ 1
torb
∣∣∣∣ee˙
∣∣∣∣ = e2a2ω3Mp2piη2|B| . (4)
By their definitions, the timescales ta and te are always
positive. We anticipate that the eccentricity may be
damped or excited, depending on the disk parameters.
Therefore, we will give te and specify the sign of e˙.
The response of the disk to the presence of the CO de-
pends on the relative velocity between the CO and the
disk. We define the Mach numberM as the ratio Vrel/cs,
where Vrel is the velocity of the perturber relative to the
local gas and cs the local sound speed. Figure 1 shows
M as a function of the true anomaly f (the pericenter
is at f = 0 and the apocenter is at f = pi). We have
assumed that the CO describes an elliptical orbit and
the disk aspect ratio is constant (h = 0.05) so that the
isothermal sound speed is cs = hRΩ, where Ω is the Ke-
plerian angular velocity Ω(R) =
√
GM•/R3. From Fig.
1, we see that the motion for retrograde orbits is always
supersonic regardless the value of e. A difference between
prograde and retrograde rotation is the orbital position
where M achieves its maximum value. For retrograde
orbits, the maximum ofM occurs at pericenter, whereas
it occurs at f ' 2 and 4.5 for prograde orbits. Another
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Fig. 2.— Predictions using the LA. The left panel shows the power (solid line) and the torque (dashed line), imparted on a CO with
orbital eccentricity 0.3, as a function of the orbital phase in a disk with α = 3/2 and λ = 1/2. The right panel shows B ≡ P − ωη−1T .
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Fig. 3.— Migration timescale (left panel) and eccentricity growth timescale (right panel) as a function of the orbital eccentricity for a
10M BH in the outer parts of an AGN disk with a central SMBH of 107M (solid lines) and in the inner parts of an AGN disk with a
central SMBH of 108M (dashed lines).
difference is that the orbital average M increases with e
for prograde orbits, whereas it is essentially independent
of e for retrograde orbits.
Given their low q and high M, EMRIs in retrograde
orbits cannot open a gap in the disk (McKernan et al.
2014; Ivanov et al. 2015; Sa´nchez-Salcedo et al. 2018)
and, in addition, their accretion radii Racc are gener-
ally much smaller than the vertical scaleheight H of the
disk. For instance, consider a retrograde EMRI at a ra-
dial distance Rp embedded in a disk with constant h.
The relative velocity of the CO with respect to the gas
is V 2rel ' 4GM•/Rp (being this expression more accurate
for small values of e). Therefore, Racc ≡ 2GMp/V 2rel '
qRp/2. In terms of H, we have Racc/H ' q/(2h). For
EMRIs with q−5 ≤ 10 and h between 0.02 and 0.05, we
obtain Racc/H . 2.5× 10−3.
3. THE LOCAL APPROXIMATION IN 3D DISKS
In the local approximation (LA), we apply the DF for-
mula at every point of the orbit, ignoring the curvature
of the spiral wave behind the body. In Sa´nchez-Salcedo
et al. (2018), we have studied the range of validity of the
LA for perturbers in retrograde and circular orbit. On
the other hand, the case of prograde and eccentric orbits
was presented in Sa´nchez-Salcedo (2019). These studies
demonstrate that the LA can predict the power and the
torque provided that q is small enough. We note that
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Fig. 4.— Evolution timescales ta and te (in units of torb) for dif-
ferent combinations of α and λ, keeping the rest of the parameters
fixed.
in the retrograde circular case, there are no Lindblad
resonances, but they appear when the orbit is eccentric
(Ivanov et al. 2015; Nixon & Lubow 2015).
If the LA were also valid for retrograde and eccentric
orbits, then it would be easy to find ta and te as follows.
The force F
(3D)
LA acting on a perfect accretor in the LA
is
F
(3D)
LA =
√
8piΣp(GMp)
2 ln Λp
V 3relHp
V rel, (5)
where the subscript p indicates evaluation of the vari-
able at the location of the perturber (Canto´ et al. 2013;
Sa´nchez-Salcedo et al. 2018). Here Σ is the unper-
turbed surface density of the disk, H is its vertical scale-
height and Λ = 7.15H/Racc. In the derivation of Eq.
(5), it was assumed that the disk volume density is
ρ(R, z) = ρ0(R) exp(−z2/2H2). The superscript 3D de-
notes that the 3D structure of the disk has been included.
We now assume that the equatorial plane of the disk
is at z = 0 and that it rotates counterclockwise in a Ke-
plerian fashion (we ignore deviations from the Keplerian
rotation arising from the pressure gradient). The unper-
turbed velocity of the gas is vg = RΩe˜φ and the relative
velocity is V rel = vg − vp, where
vp =
paω
η
(e sinφeˆR + (1 + e cosφ)eˆφ) , (6)
and p = +1 for prograde orbits and p = −1 for retrograde
orbits (recall that η ≡ (1 − e2)1/2). We have assumed
that the pericenter is at φ = 0. Although we are mainly
interested in the retrograde case, we give the expressions
for both prograde and retrograde cases to highlight the
differences.
Using Eqs. (5) and (6), the power and the torque are
given by
P
(3D)
LA = vp · F (3D)LA =
√
8pipηq2ω3a5Σp ln Λp
Hp
× −pe
2 sin2 φ+ ξξˆ
[e2 sin2 φ+ ξˆ2]3/2
(7)
and
T
(3D)
LA = peˆz · (rp × F (3D)LA ) =
√
8pipη4q2ω2a5Σp ln Λp
Hp
× ξˆ
ξ(e2 sin2 φ+ ξˆ2)3/2
,
(8)
where ξ(φ) ≡ 1+e cosφ and ξˆ(φ) = √ξ−pξ. It is simple
to show that the power and the torque are both negative
at any orbital position if p = −1.
In the following we consider some disk models that
have been used to describe protoplanetary disks and
disks around the central BH in AGNs. These models
assume that the surface density and the scaleheight of
the disk are given by power laws. We suppose that
Σ = Σa
(
R
a
)−α
(9)
and
H = Ha
(
R
a
)1+λ
(10)
where Σa and Ha are the surface density and the scale-
height of the disk at R = a, respectively.
Simplified models of the structure of Keplerian viscous
disks around SMBHs suggest α = 3/2 and λ = 1/2 at
distances > 103RSch, where RSch is the Schwarzschild
radius of the central SMBH (e.g., Goodman 2003; Sirko
& Goodman 2003). Figure 2 shows the predicted power
and torque, in the LA, as a function of the orbital phase φ
when the EMRI is retrograde and has q−5 = 0.1, a = 0.1
pc and e = 0.3. The remainder of the parameters are
M• = 107M, Σa = 5×106Mpc−2 and Ha = 1.4×10−3
pc. According to Figure 2, the eccentricity is excited
at apocenter, because the torque is more negative than
the power (B > 0). On the contrary, the eccentricity
decreses at pericenter (B < 0). The orbital average de/dt
is positive (albeit very small: B = 0.0046M km2 s−2
yr−1), implying that the eccentricity is excited.
For this model, we have computed how ta and te de-
pend on eccentricity (see Figure 3). We find that ta
and te are almost constant between e = 0 and e = 0.7.
We note that te ∼ 10ta for eccentricities in the range
0 < e < 0.8. Therefore, if the LA is correct, we expect
that, in the retrograde case, the migration takes place at
almost constant eccentricity. This is in sharp contrast
with the prograde case, where the orbit circularizes on
a timescale short compared to the migration timescale
(typically te = 0.1ta, e.g., Cresswell & Nelson 2008).
At R < 103RSch, the models of Sirko & Goodman
(2003) predict α = −1 and λ = −4/7. Being the sur-
face density greater at apocenter, the positive value of
de/dt at apocenter is enhanced in the retrograde case.
Figure 3 shows ta and te in this part of the disk for
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Fig. 5.— Orbit average power (solid lines) and torque (dashed
lines) as a function of the eccentricity in the LA, for prograde
(top panel) and retrograde (bottom panel) orbits. The disk has
h =const and α was set to either 0 or 1.5.
p = −1, M• = 108M, Mp = 10M, a = 0.005 pc,
Σa = 7× 108Mpc−2 and Ha = 8.5× 10−5 pc. We find
again that ¯˙e > 0 (the eccentricity grows) but now te ' ta.
The eccentricity may be damped for certain combina-
tions of α and λ, if they are sufficiently large. Figure 4
compares the timescales for α = 0.6 and λ = 0 with those
for α = 2 and λ = 0.8, with the remainder of the parame-
ters (p, q,M•, a,Σa, Ha) being the same. In the first case,
e˙ is positive, whereas it is negative for the second set of
parameters, but both cases have approximately the same
te at e < 0.4.
It is now clear that the LA provides a very useful frame-
work to predict ta and te in a rather simple way. It is
therefore crucial to study its validity domain.
4. NUMERICAL EXPERIMENTS
The aim of this Section is to explore the conditions un-
der which a local description can be used to estimate the
tidal forces exerted on a retrograde perturber. Since the
LA essentially ignores 2D effects, mainly the differential
rotation and the curvature terms (the curvature of the
wake and the curvature of perturber orbit), it is sufficient
to consider 2D disks. In fact, once the range of validity
of the LA is determined in 2D disks, the results can be
extended to more realistic 3D disks. This will be done in
Section 5.
The response of the disk to the gravitational poten-
tial Φp of the perturber (the secondary) is simulated us-
ing the code FARGO3D, which is a publicly available
Fig. 6.— Color map of the density of the disk, for a perturber
with q−5 = 1, e = 0.6 and E = 0.3. The black dot marks the
position of the perturber, which is moving clockwise from apocenter
to pericenter. The computational domain is 0.12a < R < 5.2a, but
the figure only shows the ring 0.55a < R < 2.2a. At R < 0.55a,
the density spirals are far too thin for the image resolution.
code2 (Ben´ıtez-Llambay & Masset 2016). The perturber
is placed on a fixed retrograde orbit with eccentricity e.
We use polar coordinates (R,φ), where R is measured
from the central object.
The potential Φp is modeled by introducing a softening
length Rsoft:
Φp = − GMp√
(r − rp)2 +R2soft
, (11)
where rp is the position of the perturber. Strictly, we
are not simulating a point-mass particle as a BH, but
just an extended non-accreting body. Nevertheless, it
is simple to extend the results to accreting point-mass
objects (see §5). For simplicity, we will take Rsoft =
EH, where H ≡ cs/Ω is the vertical scaleheight of the
disk and E is a constant. We will also assume that the
aspect ratio h is constant over R; this condition fixes the
radial profile of the temperature of the disk. All together,
Rsoft ∝ H ∝ R.
We will use dimensionless power P and torque T de-
fined as
P = Eh
piq2ω3a4Σa
P, (12)
and
T = Eh
piq2ω2a4Σa
T. (13)
In terms of dimensionless quantities, the timescales are
ta
torb
=
Eh
4piqqd
1
|P| , (14)
and
te
torb
=
e2Eh
2piη2qqd
1
|B| , (15)
with qd ≡ pia2Σa/M• and B ≡ P − η−1T .
2 FARGO3D is available at http://fargo.in2p3.fr.
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Fig. 7.— Evolution of the power (left panel) and torque (right panel) using α = 0, h = 0.05, q−5 = 1 and E = 0.6. Different curves are
for different eccentricities. The value of the eccentricity is given at each curve. The symbols on the right side of each panel indicate the
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In the razor-thin (2D) disk model, the LA predicts the
following dimensionless power and torque:
P(2D)LA =
pξ1+α(−pe2 sin2 φ+ ξξˆ)
η1+2α(e2 sin2 φ+ ξˆ2)3/2
, (16)
and
T (2D)LA =
pη2(1−α)ξαξˆ
(e2 sin2 φ+ ξˆ2)3/2
. (17)
Here we have used that the drag force on a body travel-
ling supersonically in a rectilinear orbit inside a 2D layer
of surface density Σ is
F
(2D)
LA =
piΣG2M2p
RsoftV 3rel
V rel (18)
(Muto et al. 2011).
For illustration, Figure 5 shows P(2D)LA and T
(2D)
LA as a
function of e, for p = +1 (prograde) and p = −1 (retro-
grade). As expected, |P(2D)LA | and |T
(2D)
LA | are smaller in
the retrograde case, especially at low eccentricities. It is
remarkable that for p = −1 and α = 0, P(2D)LA is almost
constant with e.
4.1. Range of parameters and other numerical issues
We use values for q−5 between 1 and 50. Our reference
value for h is 0.05, but we explore other values in Section
4.3. We vary the eccentricity between 0 and 0.6, and E
between 0.06 and 0.6. For these parameters, the accre-
tion radius of the perturber is . 2.5 × 10−4a, which is
much smaller than Rsoft = Eha = (3×10−3−3×10−2)a.
In all our simulations we include a kinematic viscosity
ν = 10−5ωa2 constant through the disk.
The computational domain extends from Rin to Rout.
Appendix A is devoted to assess the importance of the fi-
nite size of the domain and to describe how the results de-
pend on the boundary conditions. Unless otherwise spec-
ified, we employ wave-killing zones at R ∈ [Rin, 1.3Rin]
and at R ∈ [0.95Rout, Rout], following the scheme de-
scribed in de Val-Borro et al. (2006). Boundary effects
are more pronounced for larger values of E . When wave-
damping boundary conditions are used, we find that
Rin = 0.2a and Rout = 4a are adequate to compute the
power and the torque within 100 orbits even for E = 0.6
(see Appendix A). In all the simulations presented in the
remainder of the paper, we use Rout = 5.2a, and we take
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Rin = 0.2a if e ≤ 0.3, and Rin = 0.12a if e > 0.3.
In all the simulations, the perturber is inserted sud-
denly at t = 0. In order to partially suppress transient
effects during the relaxation process, Appendix B con-
tains the results of simulations in which the mass of the
perturber increases slowly over time until it reaches its
final mass. In Appendix B, it is shown that those effects
associated with relaxation are small.
We have studied the numerical convergence. For in-
stance, for disks having h = 0.05, we found that the
measured power and torque do not change for Nφ ≥ 2.5
and Nr,peri ≥ 2.5, where Nφ and Nr,peri are the number
of zones per Rsoft in the azimuthal and radial directions,
respectively. We note that Nr,peri is computed at peri-
center. In all the simulations presented in this paper,
both Nφ and Nr,peri are larger than 3, typically ∼ 5, to
ensure that the resolution is adequate. We were espe-
cially careful to ensure that the resolution was enough
to resolve the tightly-wound density perturbations with
small radial wavelength formed in the inner parts of the
computational domain due to the strong Keplerian shear.
4.2. Models with α = 0 and h = 0.05
In this Section we assume that h = 0.05 and α = 0,
i.e. the unperturbed surface density is constant along R,
so that Σt=0 = Σ0 =const. From a numerical point of
view, an initial constant surface density reduces spurious
reflections in the boundaries and preserves reasonably
well the mass in our computational box.
Retrograde perturbers excite tightly-wound density
waves in the disk (see Figure 6). The perturbers re-
peatedly catch their own wakes with a frequency 2ω. As
a result, the surface density perturbation Σ−Σ0 is very
complex, changing from positive to negative values in the
radial direction on a short spatial scale.
4.2.1. Models with E = 0.6
In this Section we fix the values of α, h and E and
study how the power and the torque depend on the or-
bital eccentricity. We take α = 0, h = 0.05 and E = 0.6.
Figure 7 shows P and T for a mass ratio q−5 = 1. We
see that P remains fairly constant with time if e ≤ 0.3.
For e ≥ 0.45, the shape of P versus time is not so flat,
having maxima and minima.
Another remarkable feature is that
〈P〉
140
, the mean
value of P between t = 5 orbits and t = 140 orbits,
changes from −0.1 for e = 0 to −0.4 for e = 0.3 (see
Figure 8). For e = 0.6,
〈P〉 takes a similar value as
for e = 0. The LA predicts
〈P〉 = −0.25. Thus, for
eccentricites around the end values of our interval, the
measured values of the power are a factor of 2.5 smaller
than the LA value. On the other hand, for eccentrici-
ties between 0.15 and 0.37, the power in absolute value
is larger than the LA value. This is likely a consequence
of the Lindblad resonant effects which are ignored in the
LA. In fact, in the case of retrograde circular orbits, for
which there is no Lindblad resonances, the power is al-
ways less or equal to the LA value.
On the other hand, the curves T versus time exhibit a
deep valley at t ' 30 − 50 orbits for e ≥ 0.3 (see right
panel in Figure 7). In particular, in the case e = 0.6, |T |
grows from ∼ 1.2 at t = 5 orbits to ∼ 5 after 48 orbits.
These values are much larger than the value predicted
in the LA (which is 0.38, see Figure 5). As long-term
runs indicate (Figure 9), the torque does not converge
asymptotically to a constant value, but shows large vari-
ations over the runtime of our simulations. Therefore,
we cannot establish well-defined values of
〈T 〉, at least
when E = 0.6.
The temporal variations in P but mainly in T reflect
the fact that the flow properties are not periodic func-
tions of time (in this sense we say that the disk has
not reached a “steady state”). If the evolution of the
disk could be described through the combination of lin-
ear density waves, it is expected that a steady state is
reached in a few orbits. The temporal variations are a
consequence of the secular evolution of the disk because
of the deposition of angular momentum carried by the
wake through shocks. A steady-state will be reached on
scales of the viscous time (tν ' e2a2/ν ' 5 × 103 or-
bits, assuming e = 0.6), which is much longer than the
crossing time. For perturbers in prograde and circular
orbits, a description of the shock damping of waves in
the weakly non-linear regime (low-mass perturbers) can
be found in Goodman & Rafikov (2001). In this regime,
inviscid linear theory still predicts correctly the torques
on the disk, although it implicitly assumes some dissi-
pation. Here we find that for extended perturbers with
E = 0.6 in retrograde and eccentric orbit, the magnitude
of the torque is sensitive to the shock propagation and
wave damping, even if the excitation of the wake is linear.
While the curves P(t) and T (t) should not depend on
the adopted value of q if the density waves induced in
the disk were strictly linear, some dependence on q can
be expected in the presence of wave damping. Figure
10 shows P and T , as Figure 7, but for q−5 = 50. The
amplitude of the temporal variations of P for e = 0.45
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Fig. 10.— Same as Figure 7 but for q−5 = 50.
and e = 0.6 increases when q−5 is varied from 1 to 50.
T (t) also changes in a comparable amount but they are
less notorious because the fractional change is smaller.
4.2.2. Varying the softening radius
One expects that the LA will become more accurate as
E decreases, because the main contribution to the drag
force will arise from a closer vicinity of the body, ad-
miting a local description. This holds true for prograde
eccentric orbits (Sa´nchez-Salcedo 2019), as well as for
retrograde circular orbits (Sa´nchez-Salcedo et al. 2018).
Figure 11 shows the power and the torque for E be-
tween 0.06 and 0.6. For E ≤ 0.12, the power remains
fairly constant over time. Indeed, the temporal be-
haviour of the power is already flat for E ' 0.3 (not
shown). In addition, the value of the power converges
(from below or from above) to the value predicted in the
LA as E decreases. This is more clearly seen in Figure 12,
where we plot
〈P〉
35
as a function of E , where the brakets
〈...〉35 denote the mean value between t = 5 and t = 35
orbits. The choice of the values of e in that Figure is not
completely arbitrary. We selected e = 0.25 because, as
already mentioned in §4.2.1, the maximum value of the
power (in absolute value) occurs at this critical eccentric-
ity. This is more easily visualized in Figure 13, where we
show
〈P〉
35
versus eccentricity. The value e = 0.6 was
selected because the power reaches its minimum value
there (see Figure 13).
For our purposes, it is convenient to define Ep;1.5 as the
maximum value required for the LA to give the power
within a factor of ∼ 1.5 from the values measured in the
simulations. In other words, if E ≤ Ep;1.5 then the ra-
tio between the measured and the predicted power lies
between 0.66 and 1.5. We find that Ep;1.5 = 0.25. For
E = 0.12, 〈P〉
35
as measured in the simulations lies be-
tween −0.22 and −0.32, in broad agreement with the
value −0.25 derived in the LA.
Regarding the torque, the amplitude of its oscillations
is reduced as E is taken smaller (Figure 11). For e = 0.45,
the amplitude of the temporal variations of the torque is
still comparable to its mean value even for E = 0.06. For
E = 0.06 and e ≤ 0.3, the torque variations become rel-
atively small. In these cases (e ≤ 0.3 and E = 0.06), the
discrepancy between the torque measured in the simula-
tions and the predicted value in the LA is ≤ 25% (see
also Figure 14). Since te depends on the difference be-
tween P and η−1T (see Eq. 15), it remains uncertain to
determine whether e grows or damps in these cases.
Given that the torque may oscillate on a timescale
50 − 100 orbits, 〈T 〉
35
should be interpreted with cau-
tion, as it reflects the depth of the first valley. Still, it
is illustrative to see that
〈T 〉
35
converges to the value
predicted in the LA as E decreases (Figure 14). An ex-
trapolation of the curves in Figure 14 strongly suggests
that Et;1.5 ' 0.04, where Et;1.5 is the equivalent to Ep;1.5
but for the torque.
4.3. Varying h
Our reference value for the aspect ratio, h = 0.05, is
representative for protoplanetary disks. For AGN accre-
tion disks, the aspect ratio is less constrained, but models
suggest a range for h between 0.01 and 0.1 (e.g., Sirko
& Goodman 2003). Since the local Mach number for an
object in retrograde orbit is ' 2/h, the perturbed den-
sity in the disk depends on h. We have carried out a set
of simulations with h = 0.025 and h = 0.1 (again with
α = 0), to check how the results depend on h.
Figure 15 plots the mean power
〈P〉
35
as a function of
eccentricity. We see that the critical eccentricity depends
on h. The critical eccentricity is 0.4 for h = 0.1 and 0.15
for h = 0.025.
Figure 16 shows
〈P〉
35
and
〈T 〉
35
for h = 0.1.
〈P〉
35
presents a dispersion around the LA values similar to
that found for h = 0.05. We find that Ep;1.5 = 0.2, which
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Fig. 11.— Evolution of the power (left panels) and torque (right panels) for e = 0.1 (top panels), e = 0.3 (middle) and e = 0.45 (bottom
panels). Different curves are for different E. The values of E are given at each curve. The squares indicate the value predicted in the LA.
In all cases, the mass ratio is q−5 = 1.
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models α = 0, h = 0.05 and q−5 = 1. The vertical lines mark the
value of E for which the error in the power introduced by the LA is
a factor 1.5 (dashed line) or 1.25 (dot-dashed line) from the values
measured in the simulations. The hollow symbols at the left side
of the Figure indicate the values predicted in the LA.
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Fig. 13.—
〈P〉
35
versus eccentricity for E = 0.6 (diamonds) and
for E = 0.12 (triangles). The predicted power in the LA is also
shown (dashed line). In these models α = 0, h = 0.05 and q−5 = 1.
is similar to the value found for h = 0.05.
For h = 0.1, the values of
〈T 〉
35
get closer to the LA
estimates than for h = 0.05. We infer Et;1.5 ' 0.05. For
e ≤ 0.4 and E = 0.12, we run the simulations until 120
orbits and found that
〈P〉 and 〈T 〉 are similar, implying
that B is significantly smaller than P.
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Fig. 14.— Same as Figure 12 but for the torque. For reference,
the hollow symbols indicate the values expected using the LA.
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Fig. 15.—
〈P〉
35
as a function of eccentricity for h = 0.025
(circles) and h = 0.1 (squares). In both cases, α = 0 and E = 0.12.
The power in the LA is indicated by the dashed line.
Figure 17 shows the power for h = 0.025. Interestingly,
the values of
〈P〉
35
spread apart from the values derived
in the LA. In particular, we notice that the power is
minimum (in absolute value) at e = 0.45 (i.e. e/ecrit =
3). If we restrict ourselves to orbital eccentricities 0 ≤
e ≤ 2ecrit = 0.3, we obtain Ep;1.5 = 0.12.
Putting together the results obtained for h =
0.025, 0.05 and 0.1, we find the following rules of thumb.
The absolute value of the power is maximum at a critical
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Fig. 17.— Mean power,
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35
, as a function of E, for h = 0.025
and different eccentricities. The dashed line indicates Ep;1.5. The
empty symbols at the left side mark the predicted values in the
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eccentricity
ecrit ' 0.25
(
h
0.05
)2/3
. (19)
At eccentricities ' ecrit, the power is larger, in abso-
lute value, than what the LA predicts. The LA predicts
the power, with an error less than 30%, at eccentricities
around e ' 0.6ecrit provided that E ≤ 0.6. On the other
hand, if we take E ≤ 0.12, the LA predicts the power in
the range e ≤ 2ecrit within a factor less than 1.5. Finally,
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Fig. 18.— Mean values of the power,
〈P〉
35
, as a function of α
for e = 0.45 and E = 0.3 (solid line). The dashed line with hollow
circles marks the value predicted in the LA. In all cases, we take
q−5 = 10.
our results suggest that Ep;1.5 = 0.2 min[1, (h/0.05)] in
the range of eccentricities 0 < e < 0.6.
4.4. Varying α
We have run models with q−5 = 10, h = 0.05, e = 0.45
and E = 0.3, and different α. Figure 18 shows that the
local approximation is equally well regardless the value
of α. This is expected because the unperturbed surface
density changes on a radial scale of |Σ0/dΣ0/dR| ' a/|α|,
which is much larger than the length of the wake that
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contributes most to the drag force.
5. IMPLICATIONS FOR THE EVOLUTION OF COMPACT
OBJECTS IN 3D ACCRETION DISKS
Our simulations consider the response of a 2D disk to
a softening potential, ignoring mass accretion onto the
perturber. In real life, COs, such as BHs or neutron
stars, have very small or null physical radii and they
are embedded in disks with finite scaleheight. Follow-
ing Sa´nchez-Salcedo (2019), we extend the results to the
latter scenario.
Suppose that the LA predicts the power or the torque
with some permissible error if Rsoft ≤ R˜soft ≡ EmaxH.
Once we know R˜soft in a 2D disk, denoted by R˜
(2D)
soft , we
can obtain R˜
(3D)
soft , the maximum softening radius in a 3D
disk. In fact, Figure 13 in Sa´nchez-Salcedo (2019) shows
the relationship between E(2D)max and E(3D)max . In particular,
for h ≥ 0.025 and e ≤ 0.6, we have found in Section
4.2.2 that E(2D)p;1.5 = 0.1. This translates into E(3D)p;1.5 = 0.01
for extended perturbers embedded in 3D disks. Note
that E(3D)p;1.5 is smaller than E(2D)p;1.5 because the drag force
depends logarithmically on R−1soft in a 3D disk, while it
scales as R−1soft in a 2D disk.
For point-like objects, like COs, the local approxima-
tion will be valid as long as the accretion radius Racc
(which is the minimum effective scale of the interaction)
is smaller than R˜
(3D)
soft . Note that Racc of a body in ec-
centric orbit may vary along the orbit, being maximum
at apocenter because the relative velocity is minimum.
Thus, if we demand Racc ≤ R˜soft at apocenter, we can
derive an upper limit on the mass ratio of the inspiral.
Using Racc = 2GMp/V
2
rel, with Vrel ' 2ωa/
√
1 + e at
apocenter, the above condition can be cast, in terms of
q, as q ≤ 2hEmax for COs.
For a disk with h ≥ 0.025 and for E(3D)p;1.5 = 0.01 (see
above), we obtain that the LA predicts the power and
therefore also the rate of inspiral ta, within a factor of 1.5,
for inspirals having q−5 ≤ 50. Interestingly, this range of
masses includes EMRIs (see §2). We highlight that the
estimates of the power and ta are robust in the sense that
they are weakly dependent on the orbital eccentricity.
The condition for the LA to predict the torque with
the same error is much more restrictive. For instance,
consider a disk with h = 0.05. For e ≤ 0.6, our sim-
ulations suggest that E(2D)t;1.5 ' 0.04 (§4.2.2). This value
corresponds to E(3D)t;1.5 ' 10−4, implying q−5 . 1. If we
are only interested in orbital eccentricities smaller than
0.3, the corresponding condition is q−5 . 8.
Owing that te is inversely proportional to |B| = |P −
η−1T | (see Eq. 4), te remains very unconstrained unless
P and T are very dissimilar. In numerical simulations,
it is difficult to determine the net evolution of the eccen-
tricity because of alternating periods during which the
eccentricity grows or damps.
6. CONCLUSIONS
A DF approach is commonly used to model the gravi-
tational interaction between an accretion disk and an or-
biter moving on an eccentric or/and inclined orbit. This
approach assumes that the interaction is local, i.e. the
gas ahead of the perturber remains unperturbed and,
in addition, most of the contribution to the tidal forces
arises from a region so close to the perturber that cur-
vature terms are unimportant. In this paper, we have
considered the orbital evolution of a low-mass perturber,
having an eccentricity between 0 and 0.6, and an incli-
nation of 180◦, i.e. coplanar but retrograde orbit with
respect to the gas disk. In such a situation, the perturber
moves supersonically with Mach numbers 40− 200 rela-
tive to the local gas, and it excites spiral waves that are
wound tightly.
Notably, in typical accretion disk models, the local DF
approach predicts that the eccentricity is excited. Nev-
ertheless, in disks with a surface density that decays in
the radial direction, the timescale for the growth of the
eccentricity is larger than the timescale for the radially
inward migration. Consequently, there exists the possi-
bility that the inspiral could merge with a non-zero ec-
centricity. The DF approach also predicts that the rate of
inspiral hardly depends on the orbital eccentricity. The
purpose of this work was to assess when the local DF
approximation can be applied to retrograde EMRIs.
We have computed the torque and the rate of work on
a perturber on a fixed eccentric orbit in 2D simulations.
The rate of energy loss by the perturber determines the
rate of inspiral, whereas a combination of the power and
the torque determines the evolution of the eccentricity.
We find that for eccentricities around the critical value
ecrit ' 0.25(h/0.05)2/3, the power (in absolute value)
is larger than predicted in the LA. Nevertheless, the
orbital-averaged power and torque converge to the values
predicted by the LA when E tends to zero. This reflects
the fact that curvature effects and resonances are less im-
portant for smaller bodies. For h between 0.025 and 0.1,
and for E ≤ 0.1, the LA predicts the power measured in
2D simulations within a factor of 1.5 or less. This con-
dition for E , which was found for extended perturbers
embedded in 2D disks, translates into q−5 ≤ 50 for COs
in 3D disks. This mass range includes EMRIs.
Numerical determinations of the mean torque require
long-term simulations because the torque exhibits tem-
poral variations, unless E is taken very small. Such long-
term simulations are a numerical challenge because of
the spurious noise introduced through the boundaries.
An extrapolation of our results indicates that the LA es-
timates of the torque are within a factor 1.5 of the mea-
sured values if softened perturbers embedded in 2D disks
with h ≥ 0.05 have E < 0.04. This implies q−5 ≤ 1 for
COs embedded in 3D disks. However, we should stress
that even if the power and the torque are determined
within a factor of 1.5, the error in the estimate of te us-
ing the LA might be larger because it depends on the
difference P − ηT .
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Fig. 19.— Evolution of the power (left panel) and torque (right panel) for different Rin in simulations with reflecting boundaries (without
waves-damping zones). We took q−5 = 5, e = 0.3, E = 0.6 and Rout = 5.2a in all cases.
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Fig. 20.— Same as Figure 19 but for open boundaries (without wave damping zones). We took q−5 = 10, e = 0.3, E = 0.6 and
Rout = 5.2a.
APPENDIX
A. BOUNDARY CONDITIONS AND RADIAL EXTENT OF THE COMPUTATIONAL DOMAIN
The finite size of the computational domain may induce undesirable phenomena, leading to an inaccurate result.
The domain should be taken as large as possible and the boundary conditions should be chosen with the aim of
minimizing spurious effects. Trusted results should be robust to reasonable changes of the size of the box domain. In
this Appendix, we study the sensitivity of the results to the location of the inner edge of the computational domain
and on the adopted inner boundary condition. The outer edge is less problematic because it can always be placed
so far away that its effects are comparably less important. We mainly focus on cases with the largest value of E (i.e.
E = 0.6) because the effects of the inner boundary are more prominent as E increases. In addition, we set up α = 0
and h = 0.05 in all the simulations presented in this Appendix.
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Fig. 21.— Evolution of the power (left panel) and torque (right panel) for different extents of the buffer region in the inner boundary.
We used q−5 = 1, e = 0.3, E = 0.6 and Rout = 5.2a, in all cases. The buffer ring in the outer boundary is R ∈ [4.95a, 5.2a].
In the lack of resonances or collective modes, spurious phenomena generated at the boundaries are usually diminished
when the extent of the domain increases. To illustrate this, Figure 19 shows P and T in simulations in which the
boundaries behave as a rigid wall, where large reflections are expected. We take Rout = 5.2a, and three different values
of Rin (0.07a, 0.12a and 0.2a). In the two runs having Rin ≤ 0.12a, the power is approximately constant over time
between 3torb and 40torb. The mean value of the power between the 5th and 35th orbits,
〈P〉
35
, in these two runs
agrees within 7%.
In these simulations, the power is not perfectly smooth but presents some wiggles, with a small amplitude of ∼ 4%.
These small oscillations are the consequence of the combination of two effects: (1) reflections at the inner boundary
and (2) the interaction of the perturber with its own wake ahead of it, which has memory that the perturber was
turned on suddenly at t = 0. The timescale of the fluctuations caused by the memory effect is very small (the timescale
is torb), and the amplitude of these wiggles is attenuated, especially at early times, if the perturber is inserted slowly
in the simulations (see Appendix B). Reflections at the inner boundary, on the other hand, lead to temporal variations
with a frequency determined by the sound-crossing times ts, defined as the time in which a sound wave takes to travel
from R = a to the inner boundary, and getting back after reflection. In the run with Rin = 0.07a we have that
ts ' 4.2torb, whereas ts ' 3.9torb in the run with Rin = 0.2a. This small difference in ts indicates that the wiggles
caused by reflections are quite difficult to suppress just by reducing Rin.
On the other hand, T presents a local maximum and then a local minimum (see right panel in Figure 19). The
minimum occurs about ∼ 15torb after the maximum. The locations of the maximum and minimum are not the same
in the three simulations. The torque measured in the simulation with Rin = 0.07a is similar in shape to the torque
in the simulation using Rin = 0.12a, though slightly shifted horizontally. The shift of about 3torb is much larger than
the difference in ts between the two simulations, which is only ∼ 0.2torb. In fact, the local maxima and minima in
the torque are the result of global modes in the disk and cannot be intepreted in terms of boundary reflections which
produce variations on a shorter timescale. The temporal shift in the torque does not affect much its mean value: the
difference in the value of
〈T 〉
35
between these two simulations is less than 4%.
In addition to reflections, closed boundary conditions have the shortcoming that gas is piled up in the inner boundary
because it cannot leave the computational domain, which is not realistic. Alternatively open boundary conditions,
which allow inflow and outflow through the boundaries, can be considered. The results of applying this condition at
the inner and outer boundaries are shown in Figure 20. A weakness of using open boundaries is that the mass in the
disk is not preserved.
To overcome the limitations of closed and open boundary conditions, it is common to implement buffer zones, where
the density and velocity components are forced to gradually back to their unperturbed values, as described in de
Val-Borro et al. (2006). The timescale of this damping process is proportional to the local dynamical timescale. The
resultant power and torque using wave killing regions with different widths are depicted in Figure 21. The wave-
damping ring extends from Rin up to Rend. The three simulations with Rend = 0.25a yield similar results, regardless
the adopted boundary condition (closed or outflow). In fact, the buffer regions are large enough as to damp the waves
before they reach R = Rin, so that the results only depend on Rend; they do not depend either on Rin or on the
boundary condition. It is apparent that the torque for Rend = 0.17a is shifted to the right by 5torb, but this shift has
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Fig. 22.— Evolution of the power (left panels) and torque (right panels) using different radial sizes of the computational box, as quoted
in each panel.
a minor effect on mean torque:
〈T 〉
35
agree within 6% in the four simulations shown in Figure 21.
For completeness, we have computed P and T for various combinations of Rin and Rout (see Figure 22). The wave
damping rings are R ∈ [Rin, 1.3Rin] and R ∈ [0.95Rout, Rout]. We see that Rin = 0.2a and Rout = 4a are adequate to
compute the power within 150 orbits. On the other hand, the torque in runs with Rout ≤ 4a is not reliable beyond 120
orbits. Again, it is worth noting that the torque in the simulations with Rin = 0.12a and Rout = 5.2a has the same
shape as the torque in the simulation with Rin = 0.2a and Rout = 5.2a, but they present a slight shift in time.
B. GRADUAL GROWTH OF THE MASS OF THE PERTURBER
In models with E = 0.6, the power exhibits small sawtooth variations during the first 20 orbits (see Figures 7, 21 and
22). For retrograde perturbers that are introduced instantaneously, Sa´nchez-Salcedo et al. (2018) showed that these
variations in power occur when perturbers catch their own wake. If so, these transient features should be partially
suppressed if the mass of the perturber gradually increases from 0 to Mp during a time tM larger than torb. Figure 23
shows the power and the torque in simulations where we ramp up the mass of the perturber from 0 at t = −10torb,
to Mp at t = 0, so that tM = 10torb. For comparison, the results for simulations in which the perturber is introduced
suddenly at t = 0, so that tM = 0, are also shown. The power and the torque in simulations with tM = 10torb are
shifted in time relative to those in simulations with tM = 0, because at t = 0 the perturbers have the same mass in
both cases, but the perturber with tM = 10torb has been perturbing the disk during ten orbital periods. As expected,
the small wiggles in the power during the first 15 orbits are suppressed when the perturber is introduced smoothly
(see Figure 24 for a zoomed-in view).
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Fig. 23.— Power (left panel) and torque (right panel) when the mass of the perturber increases gradually from t = −10torb to t = 0
(solid lines) and when the perturber is inserted suddenly at t = 0 (dashed lines). The parameters are: q−5 = 1, e = 0.3, E = 0.6 (set I) and
q−5 = 50, e = 0.6, E = 0.3 (set II). In all cases Rin = 0.2a and Rout = 5.2a.
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Fig. 24.— Close-up of the left panel of Figure 23 showing the reduction of the wiggles in the power for the set of parameters I, when the
perturber is introduced gradually.
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